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Collisions in a collective plasma

Chapter 1: beyond Ap each charge is screened, fields are smooth. But the
plasma is still made of point charges, which deflect one another: Coulomb
collisions.

What collisions do Today’s message
» relax f(v) towards a Maxwellian Collisions are dominated by many weak,
exchange energy between species distant encounters, not by close ones.

>

. o Their strength is set by
> resist the current: resistivity
>

make the plasma radiate In A ~ 10-40

and their rate falls as v 3.

The resistivity derived today sets the magnetic diffusivity n and the magnetic

Reynolds number R,, = UL/n: the control parameter of dynamo theory.
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Binary Coulomb scattering



The two-body problem

Centre of mass moves uniformly; the relative
coordinate r = r; — r, obeys
. q1q2 mimg

megr = 2 r, m, =
r mq + mo

one particle of reduced mass m, in a fixed
9@ Coulomb field. Speed v unchanged, direction
turned by 6.

Natural scale: potential energy = kinetic energy at distance

bgo = (e—i: my = Mg, thermal: bgo ~ 262/37-)
m
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Small-angle deflection (1): geometry

For b > by the path is hardly bent: integrate the force along the undeflected
straight line y = b, x = ut (impulse approximation).
r = Vb2 +u2t2, force F = g1q,/r? along
F 7= (ut/r, b/r):

F.
t b
V fod@ut @@ b

» X = Ut 2 2
I r r r
| a1 F . )
b ;
I r siny
! X

) Fy is odd in t: slows the particle on the way
in, speeds it up on the way out. Only 7,
accumulates.

_[" _[T@qb « de
ApL—/_OOFLdt_/_OO—r2 rdt_q1q2b/_oo —(b2+u2t2)3/2
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Small-angle deflection (2): the integral

® de
APLZQWZb/_mm

Substitute ut = btany, so dt = (b/u) sec? y dy and b? + u?t? = b? sec? y:

o de /2 (b/u) sec? 1 /2 2
/ 2 2232:/ (/3U) 3 l//d"’:_z/ cosydy = —
—eo (B% + u2t2)3/ —x)2 b3seCy ub? J ub
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Exact orbit: Rutherford

Binet equation for s = 1/r, with L = m,ub and repulsive force F = g;g,s%

d’s  mF  qiqa _ by

—_— + = - = — = —-—
de? s L2s2 m,u?b? b?
Incoming from ¢ = 0: s(0) =0, s’(O) = 1/b (far away r sing =~ b). Solution:

s(p) = —sm<p+ (cos<p—1)

. 1 —cos .
Outgoing asymptote, s(¢r) = 0: —W = tan er _ —. With 0 = 7 — ¢:
sinor 2 bgo

Key result: Rutherford deflection

6 byg .
tanE = 7 (b=b902 90°%; b > b902922b90/b)
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Rutherford orbits, computed

deflection angle

exact orbits (repulsive)

10? 4

10" -

0 [deg]

— exact: tan? = bgo/b
o 7
10°% 4 ——- impulse 8=2bs/b

T T T
107" 10° 10" 10?
Library of Congress, Bain News Service
b/bgo

» exact orbits integrated numerically: 6 = bgo turns by 90°, b < bgg bounces back

> the impulse formula 8 = 2b49/b is excellent for b > 2b9y, Which is where almost all
plasma collisions happen

> 1911: Rutherford explained the alpha particles of Geiger and Marsden bouncing
back from gold foil with this formula, and discovered the nucleus
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The Rutherford cross section

Impact parameters in [b, b + db]: area do = 276 db, scattered into
dQ = 27 sin8dé. From b = by cot(8/2): |db/d8| = beo/[25in%(8/2)], SO

d_O' _ b ‘% _ bgg COt(9/2) ) bgg
dQ ~ sine [d6| 2sin(6/2) cos(6/2) 2sin%(6/2)

Key result: Rutherford (1911)

2
dO' _ bgo

dQ ~ 4sin*(9/2)

» diverges as 67 for & — 0: the total cross section is infinite
» every particle, however distant, is deflected a little: long-range force
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The momentum-transfer cross section

Forward component of the relative velocity: u — v cos 8; fraction lost 1 — cos 6:

bmax
amz/(1—c059)do=/ (1-cos@)2nbdb
0

, Y 2 2b3
Express the weight through b: 1 - cos6 = 2sin? = = 5 = 902
2 1+cot?(6/2) b2+ b,

b 2
max pdb b
Om = 4nb§O/ ———— =2nb}, ln(1 + ﬁ)
0

2. 12 2
b* + by, 9

Key result: still divergent, but only logarithmically

b
O = 47tb§0 [n [:;ZX

M2a - Coulomb collisions A. Bonanno - INAF Catania 9/21



The Coulomb logarithm



Cutting off the divergence

Upper cut-off: screening Lower cut-off: classical or quantum
Beyond Ap the potential is ge~"/*0/r by (large angles, already in the exact o),
(module 1a): no deflection. or the de Broglie wavelength
bmax = Ap b, = h
T 2m,u

bmin = Max(bgo, bq)
Which one? For an electron on an ion of charge Ze:

by 2Zé€? ac e? 1
= =27 —_—, = — ~ —
by fu u T e T 137

Slow electrons (v < 2Zac): classical. Thermal electrons: quantum for 7 > 10 Z2 eV.
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The thermal Coulomb logarithm

Classical cut-off, m,u? — 3T: by, = Ze?/3T. Use T = 4rwn.e’A2 :

Ape  3TApe 3:-4mnee’A} - Ape _ 127125, 9Np

A = _ _ _
bmin Ze? Ze? Z Z

The plasma parameter of chapter 1 returns as the ratio of the largest to the smallest
impact parameter.

lnA

Key result: NRL, n. incm=3, 7, in eV -
Intracluster medium 36
InA ~23-In(n)?ZT,%? Warm ionised ISM 24
T. < 10Z% eV Solar corona 18
InA ~24 - ln(nl/2Te“) Tokamak 17
T. > 1022 eV (quantum) Solar core ~2
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Distant encounters win: the random-walk picture

Per unit time, 27b db nu encounters at impact parameter b, each turning the
particle by 8 = 2bgo/b in a random direction; these add in quadrature:

d(6? A0 (9bon |2 A dp
i = nu/ 220 oxbdb = 8mnu bgo/ = —8mnu bgo ln A
dt bmin bmin b
» every decade of b contributes equally: CompareZSingle large-angle collisions,
hence the logarithm rate nmbg u:
> (9%) ~ 1 after a time 1/vg, Voo
Voo = 8mnu bgo In A nn’bgou =8ln A = 100-300

Coulomb collisions are a diffusion in velocity space (Fokker-Planck, ch. 7).
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The random walk, computed

every decade contributes equally a random walk in direction
0.4 - 1000 -
—— (62), 400 particles

- 03 - 800 - --- 8mnubdnAt
) —
= % 600 1
5 0.2 1 £
® o 400 -
© @
=
“ 0.1 A 200 -

0.0 - 01 . . T T

1--10 10--100 10%--10% 10%--10* 0 100 200 300 400
impact parameter b/bgo time [steps]

Monte Carlo of encounters drawn from 2zb6 db, deflection 2b9y/6 in random directions:
> left: each decade of b gives the same share of (A62): hence In A

» right: single particles wander (grey); the mean square deflection grows linearly, as
8mnubl, In A t: diffusion in velocity space
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Collision frequencies and relax-
ation



The collision frequency of a test electron

Each collision removes momentum m,u(1 — cos ) from particle a. Rate of
momentum loss:

d
dpta = —nbu/ myu(1—-cosé)do = —MyNpUP O, = —Vap MaU
Electron on ions of charge Ze: m, ~ m,, u = v, by = Ze?/mev?, and n; Z% = n, Z:
2
Zé?
ve,-(v)zn,-47r( 2) InAv
mev

Key result: fast particles barely collide

4rn.Ze*In A

-4 2
23 (v from the flux, v=* from b5,)
e

Vei(v) =
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Fast particles barely collide

the fast tail is nearly collisionless

0.6

0.4

Maxwellian f{v)

0.2

at 3vge: 27 times
fewer collisions

0.0 — T T

M2a - Coulomb collisions

» the bulk of a Maxwellian sits

= 10° nearv ~ 1.4 v,
[ 100 gﬁ > the tail, v 2 3v, collides
= 30-100 times less often
>
£107 = hence: runaway electrons
(module 2b), hot plasmas that
= 1072 are nearly collisionless, and the
Spitzer correction to the
resistivity
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Thermal collision frequencies

PUL v ~ vie = (To/me) 2 vei ~ dmneZe* In AJ(m)/2T2/?).
The Maxwellian average (ch. 7, and checked below) replaces 47z by 4V27/3 ~ 3.34.

Key result: electron-ion collision frequency

42 Ze*In A Zn.lnA
Voi = e L = 291 X 1078 S0 5
mg T, Tev

» voenT73/2: at 108 K a plasma collides 10° times less than at 10* K
> vei/wpe = INA/(10Np) < 1: many oscillations per collision
» like particles: vee ~ vej; ions: same formula with m;, T,

Vi Me 1/2 T, 3/2~ 1
Vee m, T T 43
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Energy exchange: ping-pong balls on a bowling ball
Light particle m, speed v, hits heavy M > m at rest. Speed almost unchanged,
direction turned by 8:
|Ap|?2 = |mv’ — mv|? = 2m?v?(1 - cos )
Energy given to M:

Ap|? 2
AE:| Pl :ﬁmv2(1—c059):VmE(1—cose)

2M M
Same angular weight as momentum transfer, so
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The relaxation hierarchy

process rate relative time
electrons become Maxwellian vee ~ ve; 1
ions become Maxwellian Vii ~ (me/mi)?vee =~ 43
T. and T; equalise Veq ~ (Me/m;) ve; ~ 1836
dar, 2 Z%n.In A
© = veq(Te=T).  Veq = —2ver =3.2x 1070 =202 571
de¢ mj A Te?;//2

Two-temperature plasmas wherever heating acts on one species faster than veq:
behind collisionless shocks (ions heated, ch. 14), in the solar wind, in hot accretion
flows onto black holes (7; ~ 10 T,).
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The mean free path

Distance travelled at v, in one collision time:

TP Ve \me N2 n.ZetIn A 4V2x neZe*In A

T2
Amfp = 1.44 x 10" —2L— cm

C
ZneglnA

» the mass cancels: electrons and ions at equal 7 have the same mean free
path

> Amfp « T2/n: hot, dilute plasmas have enormous mean free paths
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Collisional or collisionless?

Compare Apyf, with the size L of the system:

mean free path Ang  System size L

Solar corona 50 km 10*-10° km  collisional along loops
Solar wind, 1 AU ~0.5AU 1 AU marginal

Tokamak ~ 5km ~10m collisionless along B
Intracluster gas ~ 10 kpc ~1Mpc weakly collisional

> Amfp < L: collisions keep £ Maxwellian, fluid description (MHD, ch. 9-15)
> Amfp 2 L: kinetic theory needed (ch. 5-8)

> across B the gyroradius, not Ay, is the step length: even a collisionless
plasma can behave as a fluid perpendicular to the field
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So far, and next

In this module

» Rutherford: tan(8/2) = bgy/b; momentum Next: module 2b: resistivity,
transfer o, = 47b32, In A magnetic diffusivity, runaway
» distant encounters dominate: electrons and bremsstrahlung.

— 3y~ 10-
InA = (n(127nA3 ) ~ 10-40

> vei oc nT 32, v(v) o« v73; hierarchy
1:43:1836
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